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1. Introduction
For an algebraic curve X over Fq , which we assume to be smooth, projective and absolutely irre-
ducible, we denote by N(X ) and g(X ) the number of rational points and the genus of X , resp. We
are interested in the following question: For which triples (q, g,N), where q is a prime power and
g,N are non-negative integers, does there exist a curve X over Fq with g(X ) = g and N(X ) = N?
A complete answer to this question is out of reach, one has to be satisﬁed with partial results.
Many authors have addressed the problem by various approaches. The most common point of view
is to ﬁx the integers q and g and study the set
N (q, g) := {N | there exists a curve over Fq of genus g having exactly N rational points}. (1.1)
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∣∣N − (q + 1)∣∣ 2g√q.
If q is not a square number, this bound is sharpened by the Serre bound
∣∣N − (q + 1)∣∣ g2√q.
In other words, N (q, g) is contained in a ﬁnite interval,
N (q, g) ⊆ [q + 1− g2√q,q + 1+ g2√q]. (1.2)
The sets N (q, g) are in general not known exactly. That is, one does not know, for which integers
N ∈ [q+1− g2√q,q+1+ g2√q] a curve over Fq of genus g with exactly N rational points exists.
A lot of effort has been put into improving the upper bound in (1.2), partly motivated by applica-
tions of curves with “many” points in coding theory and cryptography, but also by the fact that “the
question represents an attractive mathematical challenge” (cf. Introduction to [6]). More precisely, one
tries to determine the integer
Nq(g) := max
{
N
∣∣ N ∈ N (q, g)}.
This program was initiated by J.-P. Serre [11] around 1983 and attracted much attention. For many
(small) values of q and g , the number Nq(g) has been determined. The latest results and a compre-
hensive list of references can be found in [5,6].
Of particular interest is the question when the upper Hasse–Weil bound is attained; that is, for
which q and g does the equality Nq(g) = q + 1 + 2g√q hold? Curves over Fq that attain this upper
bound are called maximal curves, and they often have interesting geometric properties. We refer
to [7,10] for further results and references.
Fixing q and letting g → ∞, one studies the limit
A(q) := limsup
g→∞
Nq(g)
g
.
As follows immediately from the Hasse–Weil bound, one has A(q) 2√q. However, the much better
bound
A(q)√q − 1
holds (Drinfeld–Vlaˇdut¸ bound [1]). This means that the upper bound in (1.2) can be ameliorated
considerably when g 	 q. In fact, if q is a square then A(q) = √q−1, see [9,14,3], and A(q) > 0 holds
for all q, see [11]. These “asymptotic” results about Nq(g) have a great impact in coding theory and
some branches of cryptography [14,4].
Now we change our point of view. Rather than ﬁxing the parameters q and g , we ﬁx g and N and
study the set
Q(g,N) := {q | there exists a curve over Fq of genus g having exactly N rational points}. (1.3)
The question is then: for which ﬁnite ﬁelds Fq does there exist a curve over Fq of genus g with
exactly N rational points? A simple consequence of the Hasse–Weil bound is that all q ∈ Q(g,N)
satisfy the inequality
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√
g2 + N − 1,
which means that also the set Q(g,N) is contained in a ﬁnite interval,
Q(g,N) ⊆ [(2g2 + N − 1)− 2g
√
g2 + N − 1, (2g2 + N − 1)+ 2g
√
g2 + N − 1 ]. (1.4)
Some particular cases with N = 0 (so-called pointless curves) have been studied in the literature,
see [8,15]. For instance, one has Q(g,0) = ∅ for g  1 since every curve of genus  1 has at least
one rational point. It follows from (1.4) that Q(2,0) ⊆ {2,3,4,5,7,8,9,11,13}. One can easily write
down examples of pointless genus 2 curves over Fq for 2 q 11, but there exists no pointless curve
of genus 2 over F13 (see [12]). Hence
Q(2,0) = {2,3,4,5,7,8,9,11}.
Pointless curves of genus 3 and 4 were investigated in [8], where it is shown that
Q(3,0) = {q | q 32} \ {27,31}, and Q(4,0) = {q | q 49}.
Once again we change our point of view. This time we ﬁx the parameters q and N and consider
the set
G(q,N) := {g | there exists a curve over Fq of genus g having exactly N rational points}. (1.5)
So we ask, for what values of g a curve over Fq of genus g with N rational points exists. A necessary
condition for a number g to be in G(q,N) is
g  |N − (q + 1)|[2√q ] , (1.6)
as follows from the Serre bound. However, we do not get an upper bound for the set G(q,N).
The main result of our paper is that G(q,N) contains in fact all suﬃciently large numbers g .
Theorem 1.1. For any ﬁnite ﬁeld Fq and any integer N  0, there is an integer g0  0 such that for every
g  g0 , there exists a curve X over Fq of genus g(X ) = g having exactly N rational points.
In other words, the set N \ G(q,N) is ﬁnite for all q and N . We will prove Theorem 1.1 in Section 3
below.
2. Preliminaries
First we ﬁx some notation. Throughout the paper we will use the language of algebraic function
ﬁelds rather than algebraic curves and refer to [13] for details.
Let Fq be the ﬁnite ﬁeld of cardinality q. For a function ﬁeld F/Fq we always assume that Fq
is the full constant ﬁeld of F . We denote by g(F ) and N(F ) the genus and the number of rational
places of F/Fq , resp., and by PF the set of places of F/Fq . For an element 0 = z ∈ F , we denote by (z)
(resp. (z)∞) the principal divisor (resp. the pole divisor) of z. The Riemann–Roch space corresponding
to a divisor A of F/Fq is denoted by L (A). We denote the dimension of L (A) by (A), and the
degree of A by deg A.
In Section 3 we will make use of some well-known results about function ﬁelds. For the conve-
nience of the reader, we state them below.
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exists a place P ∈ PE with deg P = k.
Proof. See [13, Corollary 5.2.10] or [2, Lemma 2.1]. One may take C := 4g(E) + 3. 
Lemma 2.2. Let E/Fq be a function ﬁeld and z ∈ E \ Fq be a non-constant element with pole divisor (z)∞ =
r1Q 1+· · ·+rs Q s. Assume that r1, . . . , rs are relatively prime to q. Let F = E(y), where y satisﬁes the equation
yq − y = z.
Then the following hold:
(i) The extension F/E is Galois of degree [F : E] = q.
(ii) The places Q 1, . . . , Q s are totally ramiﬁed in F/E, and all other places of E are unramiﬁed in F/E.
(iii) The different exponent of Q j in the different of F/E is d(Q j) = (r j + 1)(q − 1), for 1 j  s. Hence the
degree of the different of F/E is
degDiff(F/E) =
s∑
j=1
(r j + 1)(q − 1)deg Q j.
(iv) Assume that Q ∈ PE is a rational place of E/Fq, which is a zero of z. Then Q splits completely in F/E;
i.e., there are q rational places of F lying above Q .
(v) Assume that Q ∈ PE is a rational place of E/Fq, which is a zero of z − a for a ∈ Fq \ {0}. Then Q is inert
in F/E; i.e., the places of F lying above Q are not rational.
Proof. For (i), (ii), (iii) see [13, Proposition 3.7.10]. Parts (iv) and (v) follow from Kummer’s theo-
rem [13, Theorem 3.3.7], since the equation yq − y = 0 has q distinct roots in Fq , and the equation
yq − y = a has no root in Fq for a = 0. 
3. Proof of Theorem 1.1
The ﬁrst step in the proof of Theorem 1.1 is the following lemma.
Lemma 3.1. For any non-negative integers j and N, there exists a function ﬁeld E/Fq with g(E) ≡
j mod (q − 1) and N(E) N.
Proof. Start with a quadratic extension E0/Fq(x) of the rational function ﬁeld Fq(x) with g(E0) = j
and N(E0)  2 (it is an easy exercise to show that such a ﬁeld E0 exists). We proceed by induction
over N .
For N  2 we take E := E0 and we are done. Now suppose that N > 2. By induction hypothesis
there exists a function ﬁeld H/Fq with
g(H) ≡ j mod (q − 1) and N(H) N − 1.
We choose rational places P1, . . . , PN−1 of H and a place P ∈ PH with deg P  g(H) + (N − 1) (this
is possible by Lemma 2.1). As deg(P − (P1 + · · ·+ PN−1)) g(H), the Riemann–Roch theorem implies
that (P − (P1 + · · · + PN−1)) > 0. Choose a non-zero element z ∈L (P − (P1 + · · · + PN−1)). Then
P is the only pole of z, and it is a simple pole. Moreover, the places P1, . . . , PN−1 are zeros of z. We
consider the extension E := H(y) with yq − y = z. By Lemma 2.2, E/H is Galois of degree [E : H] = q,
the full constant ﬁeld of E is Fq , the place P is the only place of H which is ramiﬁed in E/H , and the
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gives now
2g(E) − 2 = q(2g(H) − 2)+ 2(q − 1)deg P ,
hence g(E) ≡ g(H) ≡ j mod (q − 1). The places P1, . . . , PN−1 split completely in the extension E/H ,
by Lemma 2.2. Therefore N(E) q(N − 1) > N (here we have used that N > 2). 
Proof of Theorem1.1. Let q and N be given. In order to prove the theorem, it is suﬃcient to show that
for every j = 0, . . . ,q− 2 there is a constant g( j)0 such that for every g  g( j)0 with g ≡ j mod (q− 1),
there exists a function ﬁeld F/Fq with g(F ) = g and N(F ) = N .
First we choose (by Lemma 3.1) a function ﬁeld E/Fq with
g(E) ≡ j mod (q − 1) and N(E) N.
By Lemma 2.1 there is an integer C  0 such that the following hold:
(∗) C > 2g(E) + (N(E) − N), and
(∗∗) for all t  C , there is a place P ∈ PE with deg P = t .
We set
g( j)0 := g(E) + (q − 1)
(
g(E) − 1+ C + N).
Clearly g( j)0 satisﬁes the condition g
( j)
0 ≡ g(E) ≡ j mod (q − 1). Let g  g( j)0 be an integer such that
g ≡ j mod (q − 1), say g = g( j)0 + r(q − 1). Denote by
P1, . . . , PN , Q 1, . . . , Q s
all rational places of E , so s = N(E)− N . Choose a place P ∈ PE with deg P = C + r (possible by (∗∗)).
It follows from (∗) that
deg
(
P − (Q 1 + · · · + Q s)
)= C + r − (N(E) − N)> 2g(E).
By the Riemann–Roch theorem we can ﬁnd non-zero elements u, x1, . . . , xN with
u ∈L (P − (Q 1 + · · · + Q s)),
xi ∈L
(
P + Pi − (Q 1 + · · · + Q s)
) \L (P − (Q 1 + · · · + Q s))
for 1 i  N . We set
x := x1 + · · · + xN , if P is a pole of x1 + · · · + xN ,
and
x := x1 + · · · + xN + u, if P is not a pole of x1 + · · · + xN .
Then the pole divisor of x is
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and the places Q 1, . . . , Q s are zeros of x. Deﬁne F := E(y) with
yq − y = x+ 1.
As follows from Lemma 2.2, F/E is a Galois extension of degree [F : E] = q, the places P , P1, . . . , PN
are totally ramiﬁed in F/E , with different exponent d = 2(q − 1), all other places of E are unramiﬁed
in F , and the places Q 1, . . . , Q s are inert in F/E . We conclude that N(F ) = N . The genus of F is
obtained using the Hurwitz genus formula
2g(F ) − 2 = q(2g(E) − 2)+ 2(q − 1)(C + r + N),
hence
g(F ) = g(E) + (q − 1)(g(E) − 1+ C + N)+ r(q − 1) = g( j)0 + r(q − 1) = g.
This ﬁnishes the proof of Theorem 1.1. 
It is an immediate consequence of Theorem 1.1, that the sets N (q, g) (as deﬁned in the Introduc-
tion (1.1)) contain many consecutive integers, for all suﬃciently large g .
Corollary 3.2. Given a prime power q and an integer N  0, there exists a constant g1 = g1(q,N)  0 with
the following property: For every integer g  g1 and every S ∈ {0, . . . ,N} there is a curve X over Fq with
g(X ) = g having exactly S rational points.
Remark 3.3. It is not diﬃcult to obtain an upper bound for the constant g0 (in terms of N and q)
from the proof of Theorem 1.1. However, this bound will be rather weak. One can get a better bound
for g0 if one uses an “asymptotically good tower” of function ﬁelds.
4. Examples
In general it seems to be impossible to give a complete description of the sets G(q,N); otherwise
one would also get a complete description of the sets N (q, g) (see Introduction). However, for some
small values of q and N , we can determine G(q,N) explicitly. First we consider the case q = 2.
Proposition 4.1.
(i) G(2,0) = G(2,6) = [2,∞).
(ii) G(2,1) = G(2,2) = G(2,4) = G(2,5) = [1,∞).
(iii) G(2,3) = [0,∞).
(iv) G(2,7) ⊆ [3,∞).
Proof. (i) Inequality (1.6) shows that every element in G(2,0) (resp. in G(2,6)) is at least 2. Hence
it remains to show that for all integers g  2 there is a function ﬁeld F/F2 without rational places
(with exactly 6 rational places, resp.).
So, let g  2. Choose an irreducible polynomial f (x) ∈ F2[x] of degree g + 1. Then the function
ﬁeld F = F2(x, y) with
y2 + y = x
2 + x + 1
f (x)
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y2 + y = x
2 + x
f (x)
deﬁnes a function ﬁeld over F2 of genus g with exactly 6 rational places.
(ii), (iii) In a similar way, one constructs hyperelliptic function ﬁelds over F2 of every genus g  1
having exactly 1,2,4 or 5 rational places (and function ﬁelds of every genus g  0 with exactly 3
rational places).
(iv) Inequality (1.6) gives for g ∈ G(2,7) the estimate g  2. Since every function ﬁeld F/F2 of
genus 2 has a rational subﬁeld of index [F : F2(x)] = 2, its number of rational places is at most 6.
Therefore 2 /∈ G(2,7). 
For q = 3 and 0 N  8 we obtain a similar result as in Proposition 4.1.
Proposition 4.2.
(i) G(3,0) = G(3,8) = [2,∞).
(ii) G(3,N) = [1,∞) for N = 1,2,3,5,6,7.
(iii) G(3,4) = [0,∞).
Proof. The lower bound for g ∈ G(3,N) follows in all cases from inequality (1.6). So it remains to
construct function ﬁelds over F3 with the desired genus and number of rational places. Below we
will use [13, Proposition 3.7.3].
(i) Let g  2. Write 2g + 2 = n + 3. Set
f (x) :=
{
(x3 − x)xn + 1, if n ≡ 0,2 mod 3,
(x3 − x)(xn + xn−2) + 1, if n ≡ 1 mod 3. (4.1)
One checks that f (x) is a square-free polynomial in F3[x], and hence the equation
y2 = − f (x)
deﬁnes a hyperelliptic function ﬁeld F = F3(x, y) of genus g (note that since n + 3 = 2g + 2 is even,
the pole of x is unramiﬁed over F3(x)). As − f (0) = − f (1) = − f (−1) = −1 (which is a non-square
in F3), and the leading coeﬃcient of − f (x) is also −1, all 4 rational places of F3(x) are inert in the
extension F/F3(x). Therefore, F is a function ﬁeld of genus g without rational places.
Similarly, the equation y2 = f (x) with f (x) as in (4.1) deﬁnes a function ﬁeld of genus g with
exactly 8 rational places.
(ii), (iii) In a similar way, one constructs hyperelliptic function ﬁelds over F3 of every genus g  1
with 1,2,3,5,6 or 7 rational places, and ﬁelds of every genus g  0 with 4 rational places. 
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